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COMPACTNESS AND GENERIC FINITENESS FOR FREE BOUNDARY
MINIMAL HYPERSURFACES (I)
QIANG GUANG, ZHICHAO WANG, AND XIN ZHOU
Abstract. Given a compact Riemannian manifold with boundary, we prove that the space
of embedded, which may be improper, free boundary minimal hypersurfaces with uniform
area and Morse index upper bound is compact in the sense of smoothly graphical convergence
away from finitely many points. We show that the limit of a sequence of such hypersurfaces
always inherits a non-trivial Jacobi field when it has multiplicity one. In a forthcoming
paper, we will construct Jacobi fields when the convergence has higher multiplicity.
1. Introduction
Let (Mn+1, ∂M) be a compact Riemannian manifold with smooth boundary. A smooth
embedded hypersurface Σn ⊂ Mn+1 is said to be a free boundary minimal hypersurface,
if Σ has vanishing mean curvature and ∂Σ meets ∂M orthogonally. For simplicity, we
use FBMH to denote free boundary minimal hypersurface. FBMHs arise variationally as
critical points of the area functional among all hypersurfaces in M with boundary con-
strained freely on ∂M . The mathematical investigation of FBMHs dates back at least to
Courant [Cou40] and Lewy [Lew51], and there were intense study of this subject afterward,
e.g. [HN79, MY82, Str84, GJ86, Jos86, Ye91, Fra00]. Many new progresses, especially on
the existence theory of FBMHs, were made in recent years. Among them, Schoen-Fraser
[FS11, FS13] constructed many examples of free boundary minimal surfaces in the round
three-ball and found a deep relation of them with the extremal eigenvalue problem. More
examples of FBMHs in the round three-ball were recently found by Folha-Pacard-Zolotareva
[FPZ17], Ketover [Ket16], Kapouleas-Li [KL17] and Kapouleas-Wiygul [KW17]. Maximo-
Nunes-Smith [MNS17] constructed an annuli type FBMH in certain convex three-manfolds
using degree theory. Last but foremost, to produce FBMHs in an arbitrary compact mani-
fold with boundary, Almgren [Alm62, Alm65] in 1970s initiated a program on establishing a
global variational theory for FBMHs via the min-max method. This program was finished
by the last author with M. Li [LZ16b] recently; we also refer to [GJ86, Jos86, Li15, DLR18]
for partial results where certain topological and boundary convexity assumptions were made.
FBMHs produced by the min-max theory in [Alm62, Alm65, LZ16b] are usually called min-
max FBMHs. One key novelty in [LZ16b] is that the min-max FBMHs are allowed to be
improper, or equivalently, the interior of the min-max FBMH may touch the boundary of the
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ambient space. It is also conjectured in [Alm65] that the Morse index of min-max FBMHs
are bounded from above by the number of parameters in the min-max construction.
The purpose of this and a followup papers is to establish compactness and generic finiteness
results for FBMHs satisfying uniform area and Morse index upper bounds. Applications of
our results will include the proof of the Morse index upper bound conjectured by Almgren
[Alm65]; see [GLWZ19]. Given a FBMH Σ ⊂ M , the proper subset R(Σ) ⊂ Σ is the
complement of the touching set S(Σ) = int(Σ) ∩ ∂M , i.e., R(Σ) = Σ \ (int(Σ) ∩ ∂M). For
any I ∈ N and C > 0, we use M(I, C) to denote the set of almost properly embedded
FBMHs Σ in M satisfying Area(Σ) ≤ C and the Morse index of Σ on the proper subset
R(Σ) is bounded by I.
Our first main result is the following compactness theorem for FBMHs.
Theorem 1.1. Assume that 2 ≤ n ≤ 6. Let Mn+1 be a compact Riemannian manifold
with boundary ∂M . For fixed I ∈ N and C0 > 0, suppose that {Σk} is a sequence of almost
properly embedded FBMHs in M with Area(Σk) ≤ C0 and
(1.1) the Morse index of Σk on the proper subset R(Σk) is bounded by I.
Then there exists a finite set of points W ⊂ M with #(W) ≤ I and an almost properly
embedded FBMH Σ∞ ⊂M such that, after passing to a subsequence, Σk converges smoothly
and locally uniformly to Σ∞ on Σ∞ \ W with finite multiplicity. Furthermore, the Morse
index of Σ∞ on the proper subset R(Σ∞) is bounded by I and Area(Σ∞) ≤ C0.
Our second main result is the construction of a non-trivial Jacobi field on the limit hyper-
surface when the convergence in Theorem 1.1 has multiplicity one. The higher multiplicity
cases will be settled in the forthcoming paper.
Theorem 1.2. Assume that 2 ≤ n ≤ 6. Let Mn+1 be a compact Riemannian manifold
with boundary ∂M . For fixed I ∈ N and C0 > 0, suppose that {Σk} is a sequence with
Area(Σk) ≤ C0 and satisfying (1.1) inM(I, C0), and that Σk converges smoothly and locally
uniformly to some limit Σ ∈ M(I, C0) on Σ \ W with multiplicity one, where W ⊂ M is a
finite set of points with #(W) ≤ I. Assume that Σk 6= Σ eventually. Then
(1) If Σ is two-sided, then Σ has a non-trivial Jacobi field.
(2) If Σ is one-sided, then Σ˜ has a non-trivial Jacobi field, where Σ˜ is the double cover
of Σ.
Remark 1.3. We remark that Ambrozio-Carlotto-Sharp [ACS18] first investigated similar
compactness results where all FBMHs under their consideration are proper, or equivalently
S(Σ) = ∅ (see more discussions later). Compared with [ACS18], the key novelty of our
results lies in the following two aspects:
(i) We prove a new curvature estimate for FBMHs which are only stable away from the
touching set;
(ii) For a sequence of FBMHs that converges in the above sense to a limit, if a sequence of
their boundary components collapses to a point in the limit, we design a new scheme
to construct a non-trivial Jacobi field on the limit hypersurface.
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As a direct consequence of Theorem 1.2 and the main theorem in the followup paper, we
obtain the generic finiteness theorem for FBMHs. That is, if Mn+1 is a compact manifold
with boundary and 2 ≤ n ≤ 6, then for a generic metric on M and fixed I ∈ N and
C0 > 0 , there are only finitely many almost properly embedded FBMHs in M satisfying
Area(Σ) ≤ C0 and (1.1).
Now we provide a brief history of compactness results for minimal surfaces, and we start
with closed minimal hypersurfaces in closed manifolds. Choi-Schoen [CS85] proved compact-
ness for minimal surfaces with bounded topology in three-manifolds with positive Ricci curva-
ture, and their result was later improved by Anderson [And85] and White [Whi87] under area
and topology bound assumptions. Without assuming area upper bound, Colding-Minicozzi
[CM04a, CM04b, CM04c, CM04d, CM15] developed a whole theory of lamination conver-
gence for minimal surfaces with bounded topology in three-manifolds. In higher dimensions,
Schoen-Simon-Yau [SSY75] and Schoen-Simon [SS81] proved interior curvature estimates
and compactness for stable minimal hypersurfaces with uniform area upper bound. Their
results were recently generalized by Sharp [Sha17] to minimal hypersurfaces with uniform
Morse index and area upper bound. Without area upper bound assumption, the last au-
thor and H. Li [LZ16a] obtained lamination convergence for minimal surfaces with uniform
Morse index bound in three-manifolds. We also refer to [ACS16, CKM17, Car17] for recent
development along this direction.
Concerning FBMHs, Fraser-Li [FL14] obtained the first compactness result for FBMHs in
three-manifolds with non-negative Ricci curvature and convex boundary, as a natural free
boundary analog of Choi-Schoen’s result [CS85]. In higher dimensions, Guang, Zhou and
M. Li [GLZ16] proved curvature estimates and compactness for globally stable FBMHs with
uniform area upper bound, as natural analogs of Schoen-Simon-Yau [SSY75] and Schoen-
Simon’s results [SS81]; the results in [GLZ16] played an essential role in the free boundary
min-max theory [LZ16b]. Very recently, Ambrozio-Carlotto-Sharp [ACS18] proved compact-
ness for FBMHs which are properly embedded and have uniform Morse index and area upper
bounds. The novelty of [ACS18] includes a boundary removable singularity result, a scheme
to construct a Jacobi field when a sequence of FBMHs converges to a limit and none of the
boundary components degenerate to a point, and a bumpy metric theorem generalizing those
of White [Whi91, Whi17]. Even though, there are essential new challenges (i), (ii) when the
FBMHs are allowed to be improper. We overcome these difficulties by several new ideas,
which we believe will be useful in other problems related to FBMHs.
Now we present an overview of our paper, with emphasize on our new ideas. The first
main ingredient is a new curvature estimate for FBMHs which are only stable away from
the touching set. The curvature estimates in [GLZ16] require a FBMH to be globally stable,
even across the touching set, whilst this new estimate only need the FBMH to be stable away
from the touching set. To state the result, a few notions are made as follows. For any subset
A ⊂ M , we use ∂relA to denote the relative boundary of A, that is, the set of boundary
points of A which are in the interior of M . We can also assume that M is a compact domain
4 QIANG GUANG, ZHICHAO WANG, AND XIN ZHOU
of a closed Riemannian manifold M˜n+1 with the same dimension. The precise statement of
the curvature estimate is the following, which may be of independent interest.
Theorem 1.4. Let (Mn+1, g) be a compact Riemannian manifold with boundary ∂M and
2 ≤ n ≤ 6. Let U ⊂⊂ M be a relative open subset. Suppose Σn ⊂ U is a smooth
compact embedded minimal hypersurface in M with free boundary lying on ∂M ∩ U and
Area(Σ) ≤ C0. If Σ is stable away from the touching set S(Σ) = int(Σ) ∩ ∂M , then
|A|2(x) ≤
C
dist2
M˜
(x, ∂relU)
for all x ∈ Σ,
where C > 0 is a constant depending only on C0, U , and ∂M ∩ U .
The proof of Theorem 1.4 follows from a similar blow-up argument as in [GLZ16], but the
key observation is a new blow-up scenario inspired by [ZZ17]. In particular, by the blow-
up argument, if the touching set is still present in the blow-up limit, then by the classical
maximum principle for minimal hypersurfaces, the blow-up limit coincides with the tangent
plane of the boundary, and hence is flat. This would be a contradiction to the blow-up
assumption.
The second main ingredient is a new scheme to construct a non-trivial Jacobi field on a
FBMH which is a limit of a sequence of non-identical FBMHs in the case that a sequence of
boundary components of these FBMHs collapses to a point. An illustrative example is the
sequence Σi of blow-down of half of the Catenoid, given by
Σi = {(x, y, z) ∈ R
3 : z ≥ 0, i ·
√
x2 + y2 = cosh(i · z)}.
When i → ∞, it is straightforward to check that Σi converges locally uniformly away from
the origin to a limit Σ∞ which is the x−y plane, and the boundary components ∂Σi collapse
to the origin. For any such converging scenario, this point belongs to the touching set of the
limit Σ∞, and it is known by [Sim87, Sha17, ACS18] that the height function between Σi
and Σ∞ after normalization will converge to a Jacobi field away from the origin, but it was
not known whether the Jacobi field can be extended across the origin (see [ACS18, Remark
6]). We design a new height estimate making use of the Morse index bound and prove a
Harnack type bound for the normalized height function.
Let us illustrate the ideas for one particular case such that a sequence of necks collapse to
a point p in the limit touching set, i.e., p ∈ int(Σ∞)∩∂M . The first observation is that if the
boundary component ∂Σi has radius of order di (then di → 0), by the touching structure, we
know that the height function of ∂Σi (with respect to Σ∞) has order −d
2
i ; (here we assume
the interior normal of ∂M points to the positive side). As the second observation, if one
covers the boundary ∂Σi by balls of radius d
3/2
i , then the intersection of one of them with ∂Σi
will be stable by a standard combinatorial argument; thus Σi has curvature bound of order
d
−3/2
i therein by Theorem 1.4. Then one can check that the height of Σi in a sub-ball of radius
d
7/4
i will be positive and of order d
7/4
i , which will be crucial in our estimate (see Theorem
5.1 Claim C). Then we consider the height difference between Σi and one particular leaf in
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the minimal foliations (surrounding Σ∞). Using a gradient estimate for minimal graphs (see
Appendix), we prove a Harnack type bound between the negative and positive parts of the
height function of Σi (see Theorem 5.1 Claim D). This finally leads to the uniform bound of
the height function of Σi and hence the removable of singularity of the Jacobi field.
The paper is organized as follows. We collect some notations and preliminary results in
Section 2. Theorem 1.4 will be proved in Section 3. The compactness result, Theorem 1.1,
will be proved in Section 4. We then present the construction of Jacobi fields, Theorem 1.2,
in Section 5.
Acknowledgements. The authors would like to thank Alessandro Carlotto for several use-
ful comments. The second author would like to thank Weiming Shen for many helpful
discussions about harmonic functions.
2. Preliminaries
In this section, we collect some basic definitions and preliminary results for free boundary
minimal hypersurfaces.
LetMn+1 be a smooth compact Riemannian manifold with non-empty boundary ∂M . We
may assume that M →֒ RL is isometrically embedded in some Euclidean space. By choosing
L large, we assume that M is a compact domain of a closed (n + 1)-dimensional manifold
M˜ . Let X(RL) be the space of smooth vector fields in RL. We define the following notation
X(M) = {X ∈ X(RL) : X(p) ∈ TpM, ∀ p ∈M}.
Definition 2.1. (Almost proper embeddings; [LZ16b]). Let Σn be a smooth n-dimensional
manifold with boundary ∂Σ (possibly empty). A smooth embedding φ : Σ → M is said
to be an almost proper embedding of Σ into M if φ(Σ) ⊂ M and φ(∂Σ) ⊂ ∂M . We write
Σ = φ(Σ) and ∂Σ = φ(∂Σ).
We use S(Σ) to denote the touching set int(Σ) ∩ ∂M and R(Σ) = Σ \ S(Σ) to denote
the proper subset of Σ. If the touching set S(Σ) is empty, then we say that Σ is properly
embedded ; otherwise, we say that Σ is improper.
It is easy to see that if Σ ⊂ M is improper and p ∈ S(Σ), then Σ must touch ∂M
tangentially at p.
Given an almost properly embedded hypersurface (Σ, ∂Σ) ⊂ (M, ∂M), we define
X(M,Σ) = {X ∈ X(M) : X(p) ∈ Tp(∂M), ∀ p lies in a neighborhood of ∂Σ}.
Let X be a compactly supported vector field in X(M,Σ). Suppose φt is a one-parameter
family of diffeomorphisms generated by the vector field X such that φt(Σ) is a family of
embedded hypersurfaces in M˜ . Then the first variation formula gives that
(2.1) δΣ(X) =
d
dt
∣∣∣
t=0
Area(φt(Σ)) =
∫
Σ
divΣX da = −
∫
Σ
〈H,X〉 da+
∫
∂Σ
〈X, η〉 ds,
where H is the mean curvature vector of Σ and η is the outward unit co-normal to ∂Σ.
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The first variation formula (2.1) implies that (Σ, ∂Σ) ⊂ (M, ∂M) is stationary (i.e.,
δΣ(X) = 0 for any compactly supported X ∈ X(M,Σ)) if and only if the mean curva-
ture of Σ vanishes and Σ meets ∂M orthogonally along ∂Σ. Such hypersurfaces are called
free boundary minimal hypersurfaces.
2.1. Stability and the Morse index. Let Σn ⊂ Mn+1 be an almost properly embedded
free boundary minimal hypersurface. The quadratic form of Σ associated to the second
variation formula is defined as
Q(v, v) =
∫
Σ
(
|∇⊥v|2 − RicM(v, v)− |A
Σ|2|v|2
)
da−
∫
∂Σ
h(v, v) ds,
where v is a section of the normal bundle of Σ, RicM is the Ricci curvature of M , A
Σ and h
are the second fundamental forms of the hypersurfaces Σ and ∂M , respectively. Note that
for any compactly supported vector field X in X(M,Σ), we have δ2Σ(X) = Q(X⊥, X⊥),
where X⊥ denotes the projection of X onto the normal bundle of Σ.
We now define the Morse index of Σ on the proper subset R(Σ). The Morse index of Σ
on the proper subset is equal to the maximal dimension of a linear subspace of sections of
normal bundle NΣ compactly supported in R(Σ) such that the quadratic form Q(v, v) is
negative definite on this subspace.
Definition 2.2. An almost properly embedded FBMH Σn ⊂ M is said to be stable away
from the touching set S(Σ) if the Morse index of Σ on the proper subset is 0.
Next we assume that Σ is two-sided, i.e., there exists a globally defined unit normal vector
field n on Σ. Set
C∞c (R(Σ)) = {f ∈ C
∞(Σ) : f vanishes in a neighborhood of S(Σ)}.
For any smooth function f ∈ C∞c (R(Σ)), there is a vector field X ∈ X(M,Σ) such that
X = fn on Σ, which corresponds to variations vanishing near the touching set S(Σ).
It is easy to see that if Σ ⊂M is stable away from the touching set, then
(2.2) −
∫
Σ
fLf da+
∫
∂Σ
(
f
∂f
∂η
− h(n,n)f 2
)
ds ≥ 0
for any f ∈ C∞c (R(Σ)). Here, we use L to denote the Jacobi operator of Σ, that is,
L = ∆Σ + RicM(n,n) + |A
Σ|2.
Remark 2.3. In order to emphasize the difference between the stability away from the
touching set and the usual stability, we will say that a FBMH Σ is globally stable if (2.2)
holds for any f ∈ C∞(Σ).
When Σ is two-sided, the Morse index of Σ on the proper subset can also be defined
as follows (see also [Zho17, §2.4]). Suppose that Ω is a relative open subset of R(Σ) with
smooth boundary. We use C∞0 (Ω) to denote functions f ∈ C
∞(Ω) such that f |∂Ω\∂Σ = 0.
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Then we say that a non-zero function u ∈ C∞0 (Ω) is an eigenfunction with eigenvalue λ on
Ω if u satisfies {
Lu = −λu on Ω,
∂u
∂η
= h(n,n)u on ∂Σ ∩ ∂Ω.
The Morse index of Ω, index(Ω), is equal to the number of negative eigenvalues (counted
with multiplicity) on Ω. It is easy to see that if Ω1 and Ω2 are two relative open subsets
of R(Σ) with smooth boundary satisfying Ω1 ⊂ Ω2, then index(Ω1) ≤ index(Ω2). Then the
Morse index of Σ on the proper subset is also equal to the index(R(Σ)) defined as follows:
index(R(Σ)) =
{
index(Ω)
∣∣∣ The Morse index of Σ is any relative open subset
of R(Σ) with smooth boundary
}
.
Definition 2.4. We say that a function f ∈ C∞(Σ) is a Jacobi field of Σ is f satisfies
(2.3)
{
∆Σf + (RicM(n,n) + |A
Σ|2)f = 0 onΣ,
∂f
∂η
= h(n,n)f on ∂Σ.
We remark that when Σ is one-sided, we can still define the Morse index of Σ on the proper
subset analogously using this exhaustion method by possibly considering the corresponding
double covers.
Remark 2.5. For simplicity, we will use M to denote the set of almost properly embedded
FBMHs in M . Given I ∈ N and C > 0, we set
M(I, C) =
{
Σ ∈M
∣∣∣ The Morse index of Σ on the proper subset R(Σ)
is bounded by I and Area(Σ) ≤ C
}
.
We remark that in the proofs of our results, we often allow a constant C to change from
line to line, and the dependence of C should be clear in the context.
In the following, we will recall some preliminary and known results for FBMHs which will
be needed in our proofs.
2.2. Existence of local minimal foliations. Let M˜n+1 be a closed manifold, and Σ an
embedded minimal hypersurface in M˜ (without boundary). Given p ∈ Σ, one can construct
a local minimal foliation around p by White [Whi87, Appendix]. In particular, denote BΣr (p)
by a geodesic ball of Σ centered at p with radius r > 0. When ǫ, η > 0 are two sufficiently
small numbers, we can foliate a small normal neighborhood BΣǫ (p) × [−η, η] (in geodesic
normal coordinates provided by exp : N(Σ) → M˜ , where N(Σ) is the normal bundle of Σ
near p) by minimal graphs vt, such that
v0 ≡ 0, vt(x) = t for x ∈ ∂B
Σ
ǫ (p), and
vt > 0, if t > 0, vt < 0, if t < 0.
That is to say BΣǫ (p) × [−η, η] is a disjoint union of minimal graphs {Σt = Graphvt : t ∈
[−η, η]}, and Σ0 = Σ ∩ B
Σ
ǫ (p). Moreover, these minimal graphs satisfy uniform Harnack
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inequalities: there exists some uniform constant C > 1, such that for t > 0.
t
C
=
1
C
inf
x∈∂BΣǫ (p)
vt(x) ≤ vt(x) ≤ C sup
x∈∂BΣǫ (p)
vt(x) = Ct.
The same also holds true for t < 0 by simply flipping the sign.
We also recall the existence of local free boundary minimal foliations around a boundary
point which is due to Ambrozio-Carlotto-Sharp [ACS18, Proposition 26]. Let Mn+1 be a
compact manifold with boundary, and Σn an embedded FBMH in M . Given a point p ∈ ∂Σ,
there exists a constant δ > 0 such that the half geodesic ball Bδ(p) in M can be foliated by
free boundary minimal leaves St with t ∈ [−1/2, 1/2] and S0 = Σ ∩ Bδ(p). Moreover, each
slice satisfies a Harnack type estimate (see [ACS18, Remark 25]).
2.3. Convergence and Jacobi fields. Let Σk be a sequence of embedded FBMHs in M
converging to an embedded two-sided FBMH Σ locally smoothly on Σ \W with multiplicity
m, where W ⊂ Σ is a finite set of points. We now recall the construction of a non-trivial
Jacobi field on Σ (see [ACS18, Theorem 5]). Let n be a global unit normal of Σ and X ∈
X(M,Σ) be an extension of n. Suppose that φt is a one-parameter family of diffeomorphisms
generated by X . For any domain U ⊂ Σ and small δ > 0, φt produces a neighborhood Uδ
of U with thickness δ, i.e., Uδ = {φt(x) | x ∈ U, |t| ≤ δ}. If U is in the interior of Σ, then
Uδ is the same as U × [−δ, δ] in the geodesic normal coordinates of Σ for δ small. Now fix
a domain Ω ⊂⊂ Σ \ W, by the convergence Σk → Σ, we know that for k sufficiently large,
Σk ∩ Ωδ can be decomposed as m graphs over Ω which can be ordered by height
u1k < u
2
k < · · · < u
m
k .
In this paper, we construct a non-trivial Jacobi filed on Σ when m = 1 and Σk 6= Σ
eventually.
Set w˜k = u
1
k/‖u
1
k‖L2(Ω). By the computation in [ACS18, (6.1)], w˜k almost satisfies the
Jacobi equation (see also [Sha17, Claim 5] and [Sim87]). Moreover, it can be proved that w˜k
is uniformly bounded in C l norm for all l on any compact subset of Ω (see [ACS18, Claim
1]). Thus, up to a subsequence, w˜k converges smoothly to a Jacobi field (see (2.3)) on Ω.
By taking Ωi exhausting Σ \W, we obtain a Jacobi field w on Σ \W. Note that a priori, w
might be zero. The next step is to show that w smoothly extends acrossW and the following
cases were already obtained.
• If p ∈ W is in the interior of Σ and there is a small neighborhood Br(p) of p such
that Br(p) ∩ ∂Σk = ∅ for all k sufficiently large, then the existence of local minimal
foliations will imply that w smoothly extends across p (see, e.g., [Sha17, Claim 6]
and [CM00]).
• If p ∈ W and p ∈ ∂Σ, then the existence of local free boundary minimal foliations
will give that w smoothly extends across p (see [ACS18, Claim 2]).
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The only case left is that if p ∈ W such that p ∈ ∂M , p is not in the closure of ∂Σ, and
there is a small neighborhood Br(p) of p such that Br(p) ∩ ∂Σk 6= ∅ for all k large enough.
We will deal with this case in our proof (see Section 5).
2.4. Removable singularity results. We state the following removable singularity results
which will be used in our proofs.
Theorem 2.6. ([SS81]) Let Mn+1 be a smooth complete manifold. Assume that 2 ≤ n ≤ 6
and p ∈ M . Suppose that Σn ⊂ M \ {p} is a smooth embedded minimal hypersurface with
Area(Σ) ≤ C for some constant C > 0. If Σ is stable in a punctured geodesic ball Bδ(p)\{p}
and Bδ(p) ∩ (Σ¯ \ Σ) = {p}, then Σ has removable singularity at p.
Theorem 2.7. ([ACS18, Theorem 27]) Let Mn+1 be a smooth compact manifold with
boundary ∂M . Assume that 2 ≤ n ≤ 6 and p ∈ ∂M . Suppose that Σ ⊂ M \ {p} is a
smooth embedded FBMH in M with Area(Σ) ≤ C for some constant C. If Σ is stable in a
punctured small neighborhood of p and p is in the closure of ∂Σ, then Σ ∪ {p} is a smooth
embedded FBMH.
2.5. Bumpy metrics theorem. The following bumpy metric theorem is a slightly different
variant of Theorem 9 in [ACS18], and the proof follows along the same lines as in [ACS18,
Theorem 9].
Theorem 2.8. ([ACS18, Theorem 9]) Let M˜n+1 be a smooth closed manifold and Nn be
a smooth embedded closed hypersurface in M˜ . Suppose that k is an integer ≥ 3 or that
k =∞. Then a generic Ck Riemannian metric on M˜ is bumpy in the following sense: if Σn
is an embedded FBMH in M˜ with free boundary lying on N , then Σ or its finite-sheeted
covering has no non-trivial Jacobi fields.
Remark 2.9. Compared with [ACS18, Theorem 9], the FBMH Σn in Theorem 2.8 is allowed
to penetrate the constraint hypersurface N . The arguments of [ACS18, Theorem 9] still hold
since the proof in [ACS18] identifies a tubular neighborhood of Σ with that of the zero section
in the normal bundle of Σ.
2.6. Index bound. We recall the following two lemmas which, roughly speaking, give “ball
coverings” of unstable regions of FBMHs with finite index (cf. [LZ16a, Lemma 3.1, Lemma
3.2] and [Sha17, Lemma 3.1]), and the proofs are similar to those of [Sha17, Lemma 3.1] and
[LZ16a, Lemma 3.2].
Lemma 2.10. Let Mn+1 be a compact Riemannian manifold with boundary ∂M . For fixed
I ∈ N, suppose Σ ∈M is a smooth FBMH inM such that the Morse index of Σ on the proper
subset R(Σ) is bounded by I. Given any disjoint collection of I +1 open sets {Ui}
I+1
i=1 ⊂M ,
then Σ must be stable away from the touching set in Ui for some 1 ≤ i ≤ N + 1.
Lemma 2.11. Let Mn+1 be a compact Riemannian manifold with boundary ∂M . For fixed
I ∈ N, suppose Σ ∈ M is a smooth FBMH in M such that the Morse index of Σ on the
proper subset R(Σ) is bounded by I. Then for any r small enough, there exist at most I
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disjoint balls {Br(pi)}
I
i=1 of M such that Σ is stable away from the touching set on any ball
Br(x) in M \ ∪
I
i=1Br(pi).
3. Curvature estimates
In this section, we will prove the curvature estimates Theorem 1.4. First, let us recall
the curvature estimate in [GLZ16] for FBMHs which are globally stable (across the touching
set).
Theorem 3.1. ([GLZ16, Theorem 1.1]) Let (Mn+1, g) be a compact Riemannian manifold
with boundary ∂M and 2 ≤ n ≤ 6. Suppose that U ⊂ M is a relative open subset. If
Σn ⊂ U is an embedded stable minimal hypersurface in M with free boundary lying on
∂M ∩ U and Area(Σ) ≤ C0, then
|A|2(x) ≤
C
dist2M(x, ∂relU)
for all x ∈ Σ,
where C > 0 is a constant depending only on C0, U , and ∂M ∩ U .
Compared with Theorem 3.1, the key novelty of Theorem 1.4 is that the uniform curvature
estimates hold even along the touching set, while we only assume the stability away from it.
In order to prove Theorem 1.4, we use a similar blow-up strategy as in the proof of
Theorem 3.1. Let Mn+1 be a compact manifold with boundary ∂M . We assume that M
is isometrically embedded in some Euclidean space RL. Moreover, by choosing L large, we
may assume that M is a compact subset of a closed (n + 1)-dimensional manifold M˜ . We
use Bρ(x) to denote the geodesic ball of M˜ centered at x with radius ρ. We use dist(·, ·) to
denote the distance function in M˜ . Note that the intrinsic distance on M˜ and the extrinsic
distance on RL are equivalent near any given point, we may assume that the monotonicity
formula for FBMHs ([GLZ16, Theorem 3.4]) holds for geodesic balls with radius less than
some R0 > 0. Theorem 1.4 will follow directly from the next result.
Theorem 3.2. Assume that 2 ≤ n ≤ 6. Let Mn+1 ⊂ M˜ →֒ RL, and R0 be given as
above. Let p ∈ ∂M and 0 < R < R0. Suppose Σ
n ⊂ BR(p) is a smooth embedded minimal
hypersurface in M with free boundary lying on ∂M ∩ BR(p) and Area(Σ) ≤ C0. If Σ is
stable away from the touching set S(Σ), then
sup
x∈Σ∩BR/2(p)
|A|2(x) ≤ C,
where C is a constant depending on C0, M and ∂M .
Proof of Theorem 3.2. We need to prove uniform curvature estimate across the touching set
S(Σ). The proof uses a similar strategy as in the proof of Theorem 3.1. We will also argue
by contradiction.
Step 1: The blow-up process.
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Suppose the conclusion is false. Then there exists a sequence of smooth, almost properly
embedded, minimal hypersurfaces Σi ⊂ BR(p)∩M with free boundary lying on ∂M ∩BR(p)
and Area(Σi) ≤ C0. Moreover, Σi is stable away from the touching set S(Σi). But as i→∞,
we have
sup
x∈Σi∩BR/2(p)
|Ai|
2(x)→∞.
By Theorem 3.1, we know that S(Σi) ∩ BR(p) 6= ∅. We pick up a sequence of points
xi ∈ Σi ∩ BR/2(p) such that |Ai|(xi) → ∞, where Ai denotes the second fundamental form
of Σi.
Since M is compact, there is a subsequence of xi (still denoted by xi) and a point x ∈M
so that xi → x.
We claim that x ∈ ∂M . If this is not true, then there exists ρ > 0 such that B3ρ(x)∩∂M =
∅ and xi ∈ Bρ(x) for i sufficiently large. Note that Σi ∩ Bρ(xi) does not intersect ∂M .
Hence, Σi ∩Bρ(xi) is a properly embedded stable minimal hypersurface (with no boundary)
in Bρ(xi). Moreover, by the classical monotonicity formula and the monotonicity formula
for FBMHs, Area(Σi ∩ Bρ(xi)) is uniformly bounded from above by Cρ
n for some constant
C (depending only on M and the area bound C0). Then by the Schoen-Simon-Yau interior
curvature estimate [SSY75] (or Schoen-Simon’s curvature estimates [SS81] when n = 6), we
have ρ2|Ai|
2(xi) ≤ C1, where C1 is a uniform constant. This contradicts the assumption that
|Ai|(xi) → ∞. Hence, we conclude that x ∈ ∂M . By similar argument, it follows from the
curvature estimates (Theorem 3.1) that lim inf i→∞ dist(xi,S(Σi)) = 0.
Set
ri :=
1√
|Ai|(xi)
.
Then we have
ri → 0, and ri|Ai|(xi)→∞, as i→∞.
Now, we choose yi ∈ Σi ∩B(xi, ri) so that it achieves the maximum of
(3.1) sup
y∈Σi∩B(xi,ri)
|Ai|(y) dist(y, ∂B(xi, ri)).
Set λi := |Ai|(yi) and
si := ri − dist(yi, xi) = dist(yi, ∂B(xi, ri)).
Since si ≤ ri, we have si → 0 as i→∞. Using (3.1), we get
λisi = |Ai|(yi) dist(yi, ∂B(xi, ri))
≥ |Ai|(xi) dist(xi, ∂B(xi, ri)) = ri|Ai|(xi).
Hence, we have λisi → ∞ as i → ∞. Moreover, the point yi ∈ Σi ∩ B(xi, ri) also achieves
the maximum of
(3.2) sup
y∈Σi∩B(yi,si)
|Ai|(y) dist(y, ∂B(yi, si)).
12 QIANG GUANG, ZHICHAO WANG, AND XIN ZHOU
Let ηi : R
L → RL be the blow-up maps ηi(z) := λi(z − yi) centered at yi. Denote
(M ′i , ∂M
′
i) := (ηi(M), ηi(∂M)) and let B
′(0, r) be the open geodesic ball in M ′i of radius
r > 0 centered at 0 ∈M ′i . We get a blow-up sequence of almost properly embedded minimal
hypersurfaces Σ′i = ηi(Σi) ⊂ M
′
i with free boundary lying on ∂M
′
i , which are stable away
from their touching sets ηi(S(Σi)).
Note that
(3.3) |A′i|(0) = λ
−1
i |Ai|(yi) = 1 for every i,
where A′i denotes the second fundamental form of Σ
′
i inside M
′
i .
For fixed r > 0, we have λ−1i r < si for all i sufficiently large since λisi → ∞ as i → ∞.
Hence, if z ∈ Σ′i ∩B
′(0, r), then
η−1i (z) ∈ Σi ∩B(yi, λ
−1
i r) ⊂ Σi ∩ B(yi, si).
This implies that
dist(η−1i (z), ∂B(yi, si)) ≥ si − λ
−1
i r.
Combining this with (3.2), we obtain that
(3.4) |A′i|(z) ≤
λisi
λisi − r
,
for i sufficiently large (depending on the fixed r > 0). Note that the right hand side of (3.4)
approaches 1 as i→∞.
Step 2: The contradiction argument.
Since M is smooth and yi → x ∈ ∂M as i → ∞, we have that B
′(0, λisi) converges to
TxM˜ smoothly and locally uniformly in R
L. Using the interior curvature estimate for stable
minimal hypersurfaces, we have
lim inf
i→∞
λi distRL(yi, ∂M) <∞.
After passing to a subsequence, ∂M ′i converges smoothly and locally uniformly to some
n-dimensional affine subspace P ⊂ TxM˜ ⊂ R
L.
Using the monotonicity formula for FBMHs (see [GLZ16]), we also have that the blow-ups
Σ′i satisfy a uniform Euclidean area growth with respect to the geodesic balls inM
′
i (see Step
3 in the proof of [GLZ16, Theorem 4.1]).
Since we have the curvature estimate (3.4) and the uniform Euclidean area growth, the
convergence theorem for FBMHs (see [GLZ16, Theorem 6.1]) implies that there exists a
subsequence of Σ′i passing through 0 which converges smoothly and locally uniformly to
either
(a) a complete embedded minimal hypersurface Σ1∞ in TxM˜ with Euclidean area growth,
or
(b) a non-compact, embedded minimal hypersurface Σ2∞ in TxM˜ with Euclidean area
growth and with free boundary on P .
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Due to the smooth convergence and (3.3), in both cases, we have
(3.5) |A∞|(0) = 1,
where A∞ is the second fundamental form of Σ
1
∞ or Σ
2
∞ in TxM˜ .
Note that a priori, both Σ1∞ and Σ
2
∞ may have touching set with P . Nevertheless, by the
classical maximum principle for minimal hypersurfaces, in Case (a), Σ1∞ is either identical to
P , or is disjoint with P . However, the first situation cannot happen due to (3.5), so Σ1∞ is
disjoint with P and hence is proper. The locally smooth convergence then implies that Σ1∞
is globally stable in the classical sense. By similar argument, in Case (b), Σ2∞ is also proper,
and hence is globally stable with free boundary. For Case (b), since P is a hyperplane, we
can double Σ2∞ by reflecting across P to obtain a complete embedded minimal hypersurface
Σ˜2∞ (see [GLZ16, Lemma 2.6]).
Since Σ1∞ or Σ˜
2
∞ is embedded with Euclidean area growth and bounded second fundamental
form, we conclude that Σ1∞ or Σ˜
2
∞ is properly embedded and, thus, is two-sided. The classical
Bernstein theorem (see [SSY75] and [SS81]) implies that Σ1∞ or Σ˜
2
∞ must be a hyperplane
in TxM˜ , which contradicts (3.5). This completes the proof. 
Remark 3.3. Compared with the proof of Theorem 3.1, the key observation in the proof of
Theorem 3.2 is that the blow-up limit cannot have touching by the maximum principle.
4. Compactness
This section is devoted to proving our main compactness result (Theorem 1.1). The key
part is to prove some removable singularity results. For convenience, we restate Theorem
1.1 as follows.
Theorem 4.1. Assume that 2 ≤ n ≤ 6. Let Mn+1 be a compact Riemannian manifold with
boundary ∂M . For fixed I ∈ N and C0 > 0, suppose that {Σk} is a sequence of FBMHs in
M(I, C0). Then there exists a finite set of points W ⊂ M with #(W) ≤ I and a FBMH
Σ∞ ∈M(I, C0) such that, up to a subsequence, Σk converges smoothly and locally uniformly
to Σ∞ on Σ∞ \W with finite multiplicity.
Proof. Let {Σk}
∞
k=1 be a sequence in M(I, C0). By compactness of Radon measures, a
subsequence, still denoted as {Σk} converges as varifolds to a limit n-varifold V which is free
stationary ([LZ16b, Definition 2.1]). We are going to prove that V is an integer multiple of
some almost properly embedded FBMH.
By Lemma 2.11, for each Σk, there exist at most I disjoint balls {Br(pi,k)}
I
i=1 in M such
that Σk is stable away from the touching set on any ball Br(x) in M \∪
I
i=1Br(pi,k). For fixed
1 ≤ i ≤ I, after passing to a subsequence, pi,k converges to a point pi,∞. Hence, by possbily
shrinking r, Σk is stable away from the touching set on any ball Br(p) in M \ ∪
I
i=1Br(pi,∞)
for k sufficiently large. Using the curvature estimate of Theorem 1.4, it follows that there
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exists a constant C such that for any ball Br/2(x) in M \ ∪
I
i=1Br(pi,∞), we have
sup
Br/2(x)∩Σk
|A|2 ≤
C
r2
for k sufficiently large.
Since we have uniform area bound and uniform curvature estimate, a standard compact-
ness argument (see [GLZ16, Theorem 6.1]) implies that passing to a further subsequence,
{Σk} converges to an almost properly embedded FBMH inM\∪
I
i=1Br(pi,∞). Letting r → 0, a
diagonal argument implies that a further subsequence of {Σk} converges smoothly and locally
uniformly to a FBMH Σ in M \ {p1,∞, p2,∞, . . . , pI,∞}. This also implies that Area(Σ) ≤ C0.
Set
W = {p1,∞, p2,∞, . . . , pI,∞}.
It is easy to see thatW ⊂ Clos(Σ) and the closure Clos(Σ) is identical to the support spt(V )
of V . By the monotonicity formula for FBMHs (see [GLZ16, Theorem 3.5]), a standard
argument implies that
Σk converges to Clos(Σ) in Hausdorff distance (even on points in W).(4.1)
Next, we will show that Σ ∪W is an almost properly embedded FBMH in M . In other
words, we will show that each point p ∈ W is a removable singularity of Σ, or equivalently
Σ ∪ {p} is a regular embedded hypersurface in a neighborhood of p in M˜ .
Given any point pi,∞ ∈ W, by an analogous argument in [Sha17, Claim 2] there exists
some ǫi > 0 such that Σ is stable away from the touching set in Bǫi(pi,∞) \ {pi,∞}.
Let p be a point in W. We need to consider three cases.
Case 1: Suppose p is in the closure of Σ and p /∈ ∂M .
Since there exists some ǫ > 0 such that Σ is stable away from the touching set in Bǫ(p)\{p}.
We can choose ǫ small so that Bǫ(p) is disjoint with the boundary ∂M . Hence, Σ is globally
stable in Bǫ(p) \ {p}. It follows directly from the regularity theory of Schoen-Simon [SS81]
that p is a removable singularity of Σ (see Theorem 2.6).
Case 2: Suppose p ∈ ∂M and p is in the closure of ∂Σ (i.e., p ∈ ∂M , (∂Σ\{p})∩Bρ(p) 6= ∅
for all ρ > 0).
Using the boundary removable singularity result, Theorem 2.7, we see that p is also a
removable singularity.
Case 3: Suppose p ∈ ∂M and p is not in the closure of ∂Σ (i.e., p ∈ ∂M , (∂Σ \ {p}) ∩
Bρ0(p) = ∅ for some ρ0 > 0).
If there exists some ǫ > 0 such that Σ does not touch the boundary ∂M in Bǫ(p) \ {p},
then Σ is globally stable in Bǫ(p) \ {p}, and again the regularity theory of Schoen-Simon
[SS81] implies that p is a removable singularity.
COMPACTNESS AND GENERIC FINITENESS 15
If we cannot find such ǫ, then in any small punctured neighborhood of p, Σ touches the
boundary ∂M . Then we consider a blow-up sequence λ−1i (Σ − p), where λi > 0 is any
sequence converging to 0. Using the curvature estimates of Theorem 1.4 (Σ is stable away
from the touching set in some punctured neighborhood of p) and the area bound, we obtain
that a subsequence of λ−1i (Σ − p) converges smoothly and locally uniformly to a minimal
hypersurface Σ˜ (with possibly integer multiplicity) in TpM˜ \ {0} = R
n+1 \ {0}. Using the
classical monotonicity formula, we observe that Σ˜ must be a cone. Under the rescaling, the
subsequence of λ−1i (∂M −p) converges smoothly to an n-dimensional plane Tp(∂M) ⊂ TpM˜ .
Since Σ touches the boundary ∂M in any punctured small neighborhood of p, we see that
Σ˜ also touches the plane Tp(∂M). Note that Tp(∂M) is also a minimal hypersurface, the
classical maximum principle ([CM11, Corollary 1.28]) implies that Σ˜ must contains Tp(∂M),
i.e., Tp(∂M) ⊂ Σ˜. Now we argue that Σ˜ must be identical to Tp(∂M). If this were not true,
there exists another connected components Σ˜1 ⊂ Σ˜ which is disjoint with Tp(∂M); moreover
Σ˜1 is also a cone and 0 ∈ Clos(Σ˜1). By the locally smooth convergence λ
−1
i (Σ − p) → Σ˜,
we know that Σ˜1 must be globally stable, and hence is a plane by Simons’ classification
([Sim68]). Therefore, by the classical maximum principle again Σ˜1 = Tp(∂M), which is a
contradiction, and hence Σ˜ = Tp(∂M).
Now we argue that the convergence λ−1i (Σ − p) → Tp(∂M) must have multiplicity one,
and hence by Allard regularity theorem [All72], p is a removable singularity of Σ. If the
convergence λ−1i (Σ − p) → Tp(∂M) has multiplicity greater than one, then by the locally
graphical convergence λ−1i (Σ − p) → Tp(∂M), near p, Σ can be decomposed into m-graphs
over Tp(∂M) (m ∈ N), and if denoting the inward unit normal as the x
n+1-direction, the
graphical functions are ordered by height: u1 < u2 < · · · < um. Note that by the maxi-
mum principle, only the lowest graph, i.e., Graphu1, can be improper, and all other graphs
{Graphui : 2 ≤ i ≤ m} must be proper, and hence are regular across p by previous argument.
Therefore, the only possibilities are m = 1, 2. Then we can focus on Graphu1 and use the
above argument to show that it has a unique tangent cone Tp(∂M) with multiplicity one,
and hence Graphu1 must also extend smoothly across p. Therefore, m = 1 by the maximum
principle, and we are done.
This finishes the proof that Σ∪W is an almost properly embedded FBMH in M . We use
Σ∞ to denote Σ ∪W.
Since Σk converges smoothly to Σ∞ on Σ∞ \ W, a standard argument will give that the
Morse index of Σ∞ on the proper subset R(Σ∞) is bounded by I (see [Sha17, Claim 3] and
[?]). For completeness, we also include a proof here.
We proceed by contradiction. Suppose that the Morse index of Σ∞ on the proper sub-
set R(Σ∞) is greater than I. Then there exist (I + 1) L
2-orthogonal normal vector fields
X1, . . . , XI+1 supported in R(Σ∞) such that the quadratic form of Σ∞ is negative, i.e.,
Q(Xi, Xi) < 0, ∀ 1 ≤ i ≤ I + 1.
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We may modify the vector field Xi such that Xi vanishes in a sufficiently small neighborhood
of every point in W and Q(Xi, Xi) is still negative. In addition, these vector fields can be
extended to be defined in a small tubular neighborhood of R(Σ∞) (still denoted by Xi).
Since Σk converges smoothly to Σ∞ on Σ∞ \W, we have
δ2Σk(Xi) < 0,
for k sufficiently large and all i. Let Xki be the projection of Xi onto the normal bundle of
Σk. By the smooth convergence of Σk to Σ∞ on Σ∞ \ W and the Hausdorff convergence of
Σk to Σ∞ (see 4.1), X
k
i has support in R(Σk) for k sufficiently large. Since Σk has index at
most I on R(Σk), we conclude that for fixed k, X
k
i (1 ≤ i ≤ I + 1) are linearly dependent.
Without loss of generality, we may assume that
(4.2)
I∑
i=1
αkiX
k
i +X
k
I+1 = 0 for some {α
k
i }
I
i=1 ⊂ R and |α
k
i | ≤ 1.
Let Y ki be the projection of Xi onto the tangent bundle of Σk. The smooth convergence of
Σk to Σ∞ away from the set W implies that for every i∫
Σk
|Y ki |
2 → 0, as k →∞.
This yields that for 1 ≤ i, j ≤ I + 1,
lim
k→∞
∫
Σk
〈Xki , X
k
j 〉 =
∫
Σ
〈Xi, Xj〉 = δij .
Combining this with the equation (4.2), we have
0 = lim
k→∞
∫
Σk
∣∣ I∑
i=1
αkiX
k
i +X
k
I+1
∣∣2 = lim
k→∞
(
1 +
I∑
i=1
(αki )
2
)
,
which is a contradiction. This completes the proof. 
5. Existence of Jacobi fields
In this section, we will present the construction of Jacobi fields along the limit of a sequence
of FBMHs when the convergence is of multiplicity one, i.e., we will prove Theorem 1.2.
5.1. Main theorem. For convenience, we restate Theorem 1.2 as follows.
Theorem 5.1. Assume that 2 ≤ n ≤ 6. Let Mn+1 be a compact Riemannian manifold with
boundary ∂M . For fixed I ∈ N and C0 > 0, suppose that {Σk} is a sequence in M(I, C0),
and that Σk converges smoothly and locally uniformly to some limit Σ ∈M(I, C0) on Σ\W
with multiplicity one, where W ⊂ M is a finite set of points with #(W) ≤ I. Assume that
Σk 6= Σ eventually. Then
(1) If Σ is two-sided, then Σ has a non-trivial Jacobi field.
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(2) If Σ is one-sided, then Σ˜ has a non-trivial Jacobi field, where Σ˜ is the double cover
of Σ.
Proof of Theorem 5.1. We assume that Σk 6= Σ eventually, and proceed to study the nullity
of Σ.
If Σ is one-sided, we then consider the orientable double cover π : Σ˜ → Σ. Let NΣ be
the normal bundle of Σ. Then the zero section of the pull-back normal bundle π∗(NΣ) is
isometric to Σ˜, and a small tubular neighborhood of the zero section of π∗(NΣ) forms a
double cover of a tubular neighborhood of Σ. We can then construct a non-trivial Jacobi
field over Σ˜ and the construction is similar to the case when Σ is two-sided. Hence, in the
following, we will assume that Σ is two-sided.
Next, we will construct a non-trivial Jacobi field over Σ.
Σ
Σk
∂M
Figure 1. Boundary components of {Σk} collapse
Remark 5.2. By the work of [ACS18, Theorem 5] (see Section 2.3), we only need to deal
with the case such that p ∈ W, p ∈ ∂M , p is not in the closure of ∂Σ, and there is a small
neighborhood Br(p) of p such that Br(p) ∩ ∂Σk 6= ∅ for k sufficiently large (see Figure 1);
the boundary component of Σk in Br(p) will be denoted by ∂pΣk.
Fix Ω ⊂⊂ Σ \ W. By Section 2.3, for δ > 0 small and k sufficiently large, Σk ∩ Ωδ (we
refer the readers to Section 2.3 for the notion Ωδ) can be written as a graph uk over Ω. Now
we set u˜k = uk/‖uk‖L2(Ω). Then we have ‖u˜k‖L2(Ω) = 1. A subsequence of u˜k will converge
smoothly to a Jacobi field (see (2.3)) on Ω. Taking an exhaustion {Ωi} of Σ \ W, by a
diagonalization argument, we obtain a Jacobi field u on Σ \ W. Note that a priori, u may
be zero. In the following, we will show that u is non-trivial and can be extended to a global
Jacobi field on Σ.
Without loss of generality, we can simply assume that Σk is a normal graph of uk over
Ωk (by the assumption of multiplicity one convergence), and that W = {p} consists of only
one point p. We first prove that u extends smoothly across p, and it suffices to show that
u is bounded near p (cf. [CM00, Theorem 1.1]). Since u˜k converges to u locally uniformly,
we only need to show that, up to a subsequence, u˜k is uniformly bounded in Ωk by taking
suitable Ωk. In particular, fix a small radius ǫ > 0, we know that u˜k converge smoothly and
uniformly to u near ∂BΣǫ (p), and the boundary components ∂pΣk all lie inside B
M˜
ǫ/2(p) for k
sufficiently large. The following claim then implies the uniform boundedness of u˜k.
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Claim A: for some constant C = C(M, ǫ) > 0,
lim sup
r→0
lim sup
k→∞
maxBΣǫ (p)\BΣr (p) |u˜k|
max∂BΣǫ (p) |u˜k|
≤ C,
or equivalently,
lim sup
r→0
lim sup
k→∞
maxBΣǫ (p)\BΣr (p) |uk|
max∂BΣǫ (p) |uk|
≤ C.
To show that u is non-trivial, it sufficies to show that ‖u‖L2(Σ) > 0. Indeed, by taking
ri → 0, and ki →∞ such that
max
BΣǫ (p)\B
Σ
ri
(p)
|u˜ki| ≤ C max
∂BΣǫ (p)
|u˜ki|.
Setting
Ωi = Σ \B
Σ
ri
(p),
we know that ‖u˜ki‖L2(BΣǫ (p)∩Ωi) is uniformly small when ǫ is small. Then the locally uniform
convergence of u˜ki to u away from p and the fact ‖u˜ki‖L2(Ωi) = 1 imply that ‖u‖L2(Σ\BΣǫ (p)) is
very close to 1.
To complete the proof of the theorem, it remains to prove Claim A. The next subsection
(§5.2) is devoted to the proof of Claim A. 
5.2. Proof of Claim A. In order to prove Claim A, we need three preliminary results.
In the first result, by using the minimal foliation trick (see Section 2.2), we claim that the
maximal height uk in B
Σ
ǫ (p) × [−η, η] is controlled by that of uk on the boundary ∂B
Σ
ǫ (p).
Here and in the following, we abuse the notation to denote uk : Σk → R as the height
function in the geodesic normal coordinates of Σ. Therefore, by the Hausdorff convergence
of Σk to Σ (see (4.1)), as the height function, uk is well-defined, and uk is consistent with
the previous definition on the sheet of Σk ∩ Ωδ.
Claim B: for any r ∈ (0, ǫ), there exists some universal constant C > 0 such that for k
sufficiently large,
max
BΣr (p)×[−η,η]
uk ≤ C max
∂BΣr (p)
uk, if max
∂BΣr (p)
uk > 0,
max
BΣr (p)×[−η,η]
uk ≤ 0, if max
∂BΣr (p)
uk ≤ 0,
(5.1)
where BΣr (p)× [−η, η] is a geodesic normal neighborhood.
Proof of Claim B. We want to remark that since ∂pΣk ⊂ ∂M lies underneath Σ (under the
assumption that n points upward), uk|∂pΣk ≤ 0.
First, we assume that max∂BΣr (p) uk > 0. Consider the local minimal foliations {Σt =
Graphvt : t ∈ [−η, η]} of the normal neighborhood B
Σ
r (p) × [−η, η] as described in Section
2.2. We can take the leaf Ση, which is disjoint with Σk for k sufficiently large by the Hausdorff
convergence, and decrease the subindex from η to 0. Since the boundary component ∂pΣk
lies below all Σt for t > 0, by the classical maximum principle for minimal hypersurfaces, Σt
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cannot touch Σk before ∂Σt touches Σk ∩ (∂B
Σ
r (p) × [−η, η]) along the cylinder ∂B
Σ
r (p) ×
[−η, η]. In fact, let t1 = max∂BΣr (p) uk > 0 be the first time ∂Σt touches Σk from above (see
Figure 2). We then have Σk ∩ (B
Σ
r (p)× [−η, η]) lies under Σt1 , and
max
BΣr (p)×[−η,η]
uk ≤ max
BΣr (p)
vt1 ≤ Ct1 = C max
∂BΣr (p)
uk,
where we used the Harnark estimates for the minimal foliations in Section 2.2.
t1
∂M
Σt1
BΣǫ (p)
Σk
Figure 2. Local minimal foliations
Next, we consider the case max∂BΣr (p) uk ≤ 0. By a similar argument as above, we can
easily deduce that maxBΣr (p)×[−η,η] uk ≤ 0.
This finishes the proof of Claim B. 
In the next result, we claim that the for any r ∈ (0, ǫ), we always have maxx∈∂BΣr (p) uk > 0
for k sufficiently large. This claim essentially uses the assumption that Σ has uniform Morse
index upper bound.
Claim C: for any r ∈ (0, ǫ), we have maxx∈∂BΣr (p) uk > 0 for k sufficiently large.
Proof of Claim C. Assuming on the contrary that max∂BΣ
2r(p)
uk ≤ 0, then max∂BΣr (p) uk < 0
by the minimal foliation trick. Let π be the projection from BΣr (p)× [−η, η] to B
Σ
r (p). Since
p lies in touching set of Σ, p /∈ π(Σk|BΣr (p)×[−η,η]) by our assumptions (max∂BΣr (p) uk < 0). Set
Sk = B
Σ
r (p) \ π(Σk|BΣr (p)×[−η,η]).
Then Sk is an open set containing p. Denote by S
0
k the connected component of Sk containing
p. Set
Tk = π
−1(∂S0k) ∩ Σk ∩ (B
Σ
r (p)× [−η, η]).
Then for each q ∈ Tk, either q ∈ ∂pΣk or ∇d ∈ TanqΣk, where d is the signed distance
function to Σ. Denote by 2dk the diameter of S
0
k .
A key observation is that since Σ touches ∂M at p, it must touch up to the second order:
that is to say, if we write ∂M as a normal graph vM over Σ near p (vM ≤ 0), then
(5.2) max
x∈∂BΣs (p)
|vM(x)| ≤ C1s
2
for some universal constant C1 > 0.
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To proceed the argument, we consider disjoint collections of geodesic balls (of M˜) with
centers on Tk and of radius d
3/2
k . In particular, we can find
a disjoint collection of at least N ≃
dk
d
3/2
k
= d
−1/2
k many such balls.
Since the Morse index of Σk is bounded by I, for r small enough (so that N > I), Lemma
2.10 implies that Σk is stable away from the touching set in at least one such ball, denoted
as B
d
3/2
k
(qk), where qk ∈ Tk. Using our curvature estimates Theorem 3.2, we have
(5.3) sup
x∈Σk∩B 1
2
d
3/2
k
(qk)
|AΣk |2(x) ≤ C2/(d
3/2
k )
2
for some uniform constant C2 > 0.
Denote ν as the unit inward-pointing normal of ∂M ; then ν(p) = ∇d(p) since Σ touches
∂M at p. Now take a geodesic γk(t) in Σk satisfying
• γk(0) = qk;
• γ′k(0) = ν(qk) if qk ∈ ∂pΣk; otherwise, set γ
′
k(0) = ∇d.
Note that we can always take r small enough such that 〈γ′k(0),∇d〉 ≥
9
10
. Denote by nk the
unit normal vector field of Σk. By direct computation,
d
ds
〈γ′k(s),∇d〉
=Ak(γ
′
k(s), γ
′
k(s))〈∇d,nk〉+∇
2d(γ′k(s), γ
′
k(s))〉
=Ak(γ
′
k(s), γ
′
k(s))〈∇d,nk〉+∇
2d((γ′k(s))
T , (γ′k(s))
T ),
where Ak is the second fundamental form of Σk and (γ
′
k(s))
T is the projection onto {d−1(d(γk(s)))}.
Hence for t ∈ (0, d
7
4
k ),
d
dt
d(γk(t)) = 〈γ
′
k(t),∇d〉 ≥
9
10
−
∫ t
0
(|Ak(γk(s))|+ 1)ds ≥
9
10
− Cd
− 3
2
k t ≥
1
2
.
Therefore, γk(t) /∈ ∂pΣk for t ∈ (0, d
7
4
k ).
Furthermore,
d(γk(d
7
4
k )) = d(γk(0)) +
∫ d 74k
0
〈∇d, γ′k(t)〉 dt ≥ −C1d
2
k +
1
2
d
7
4
k > 0,
which leads to a contradiction to our assumptions. This completes the proof of Claim C. 
Claim D: there exists a constant C = C(M, p, ǫ) such that
lim sup
r→0
lim sup
k→∞
max∂BΣr (p) |uk|
max∂BΣǫ (p) uk
≤ C.
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Proof of Claim D. Take r ≪ ǫ such that the sectional curvature of (BΣr (p) × [−r, r],
4
r2
g) is
bounded by 1. For 0 < s < t ≤ ǫ, set
Ωs,t = B
Σ
t (p) \B
Σ
s (p).
By Claim C, we have max∂BΣr (p) uk > 0 for k sufficiently large. Set tk = max∂BΣǫ (p) uk.
Since uk(x) < 0 for all x ∈ ∂pΣk, Σk can only touch Σtk at some points on ∂B
Σ
ǫ (p), where
Σtk is the slice of the minimal foliation on B
Σ
ǫ (p). By Claim B, we know that there exists a
constant C0 such that
max
x∈BΣǫ (p)
uk(x) ≤ C0tk.
Moreover, Σk ∩ (Ωr,ǫ× [−r, r]) and Σtk ∩ (Ωr,ǫ× [−r, r]) converge uniformly smoothly to Ωr,ǫ
as minimal graphs. Set
B˜(p) = (BΣǫ (p),
4
r2
g), B˜s(q) = (B
Σ
2rs(q),
4
r2
g),
and
Σ˜k = (Σk,
4
r2
g), Σ˜t = (Σt,
4
r2
g).
Hence, for any q ∈ ∂B˜4(p), Σ˜k ∩ (B˜1(q) × [−2, 2]) and Σ˜tk ∩ (B˜1(q) × [−2, 2]) converge
uniformly smoothly to B˜1(q). Then by Corollary 6.2, there exists C such that
lim sup
k→∞
maxx∈B˜ 1
2
(q) v˜tk − u˜k
minx∈B˜ 1
2
(q) v˜tk − u˜k
≤ C,
where v˜t and u˜k are graph functions of Σ˜t and Σ˜k, respectively.
Now take a finite set S ⊂ ∂B˜4(p) such that
• ∂B˜4(p) ⊂ ∪q∈SB˜ 1
2
(q);
• B˜ 1
4
(qi) ∩ B˜ 1
4
(qj) = ∅ for i 6= j.
Hence, ♯S ≤ C ′ for some uniform constant C ′. By using the Harnack inequality finitely
many times, we conclude that for k sufficiently large,
max
x∈∂B˜4(p)
(v˜tk − u˜k) ≤ C min
x∈∂B˜4(p)
(v˜tk − u˜k).
By the definition, u˜k =
2
r
uk and v˜t =
2
r
vt. Hence, for k sufficiently large,
max
x∈∂BΣ
2r(p)
(vtk − uk) ≤ C min
x∈∂BΣ
2r(p)
(vtk − uk).
Recall that vtk > 0 and minx∈∂BΣ2r(p)−uk = −maxx∈∂BΣ2r(p) uk < 0. Assume that
uk(x) = max
x∈∂BΣ
2r(p)
uk > 0.
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We then have
min
x∈∂BΣ
2r(p)
(vtk − uk) ≤ vtk(x)− uk(x) ≤ C max
x∈∂BΣ
2r(p)
vtk ≤ Ctk = C max
x∈∂BΣǫ (p)
uk.
Therefore,
max
x∈∂BΣ
2r(p)
−uk ≤ max
x∈∂BΣ
2r(p)
(vtk − uk) ≤ C min
x∈∂BΣ
2r(p)
(vtk − uk) ≤ C max
x∈∂BΣǫ (p)
uk.
Above all, we have proved that for all r small enough,
lim sup
k→∞
max∂BΣ
2r(p)
|uk|
max∂BΣǫ (p) uk
≤ C,
which is the desired inequality. 
To proceed the proof of Claim A, we first recall that the argument in Claim B gives the
following result:
lim sup
k→∞
maxBΣǫ (p)\BΣr (p) |uk|
max∂BΣǫ (p) |uk|+max∂BΣr (p) |uk|
≤ C.
Together with Claim D, we finish the proof of Claim A.
6. Appendix: Harnack inequality for minimal graphs
In this appendix, we provide the proof of gradient estimates for minimal graphs which is
used in the proof of Claim D in Section 5. Heuristically, it says that the height differences of
two sequences of minimal graphs (over a fixed minimal hypersurface) satisfy uniform Harnack
estimates if the two sequences converge to that fixed minimal hypersurface.
Let N ⊂ M be an embedded hypersurface. We always denote by BNr (p) the intrinsic
geodesic ball of N with radius r and center p ∈ N .
Lemma 6.1. Let Mn+1 be a closed manifold with 3 ≤ (n+ 1) ≤ 7 and N be an embedded
compact minimal hypersurface in M so that BN1 (p) ∩ ∂N = ∅. Suppose that two sequences
of embedded compact minimal graphs (over BN1 (p)) {Σk} and {Γk} with graph functions
{uk} and {vk} converge smoothly to B
N
1 (p) and uk − vk ≥ 0. Then there exists a constant
C = C(M,N) such that for any r > 0 and p′ ∈ BN1−r(p), we have
lim sup
k→∞
sup
x∈BNr (p
′)
(r − distN (x, p
′))|∇ log(uk − vk)(x)| ≤ C.
Proof. We will prove by contradiction. So assume on the contrary that there are two se-
quences of minimal graphs {Σk} and {Γk} with graph functions {uk} and {vk} over B
N
1 (p)
smoothly converging to BN1 (p), but certain sequences of rj > 0 and pj ∈ B
N
1−rj
(p) satisfying
lim sup
k→∞
sup
x∈BNrj (pj)
(rj − distN(x, pj))|∇ log(uk − vk)(x)| > j,
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Now we can choose k(j) large enough so that r−4j (‖uk(j)‖C4 + ‖vk(j)‖C4)→ 0 and
sup
x∈BNrj (pj)
(rj − distN(x, pj))|∇ log(uk(j) − vk(j))(x)| > j,
By choosing δ ≪ 1 sufficiently small, BN1 (p)× [−δ, δ] is a small normal neighborhood (in
geodesic normal coordinate) of BN1 (p) inM . Let π be the projection map from B
N
1 (p)×[−δ, δ]
to BN1 (p). For any q ∈ B
N
1 (p) × [−δ, δ], we use Br(q) to denote the slice B
N
r (p) × {d(q)} in
the normal coordinate, where d is the oriented distance function to BN1 (p) in B
N
1 (p)× [−δ, δ].
Now, we assume that qj ∈ B
N
rj
(pj) satisfies
(rj − distN(qj , pj))|∇ log(uk(j)− vk(j))(qj)| = sup
x∈BNrj (pj)
(rj − dist(x, pj))|∇ log(uk(j)− vk(j))(x)|.
Set
ρj =
rj − distN(qj , pj)
2
, q′j = π
−1(qj) ∩ Σk(j), λj = |∇ log(uk(j) − vk(j))(qj)|.
Next, we will consider the rescaling of BNρj (qj) × [−δ, δ] around the point q
′
j by the scale
λj. Since λjρj > j/2, we conclude that
(BNρj (qj)× [−δ, δ], λ
2
jg, q
′
j)→ (R
n+1, can, {0}),
and
(Bρj (q
′
j), λ
2
jg, q
′
j)→ (P, can, {0}),
where P is a hyperplane in Rn+1.
Let Σ˜j and Γ˜j be the dilations of Σk(j) and Γk(j), respectively.
Claim 1. Σ˜j converges to P .
Proof of the Claim 1. Denote by u˜j and v˜j the corresponding graph functions of Σ˜j and Γ˜j
over (BNrj (pj), λ
2
jg), and set
wj = u˜j − v˜j .
Note that Σ˜j and Γ˜j are also minimal graphs over (Bρj (q
′
j), λ
2
jg) with graph functions
u¯j(x) = u˜j(π(x))− λjd(q
′
j) and v¯j(x) = v˜j(π(x))− λjd(q
′
j), respectively.
Note that (Bρj (q
′
j), λ
2
jg, q
′
j) converges to a hyperplane (P, can, 0). Also, the smooth conver-
gence of Σk implies that the second fundamental forms of Σk are uniformly bounded, and
hence, the second fundamental forms of Σ˜j converges to 0 uniformly. Together with q
′
j ∈ Σ˜j ,
we have that Σ˜j locally smoothly converges to a hyperplane P1 containing 0.
Denote by ∇˜ the Levi-Civita connection of (Bρj (q
′
j), λ
2
jg). Since
|∇˜u¯j(x)|λ2jg = |∇˜(u˜k(π(x))− λjd(q
′
j))|λ2jg = |∇uj(π(x))|g → 0, as j →∞,
we conclude that P1 = P .

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In the following, the norm of a vector is always under the same metric with the connection
and we omit the subscript for simplicity.
Claim 2. Γ˜j converges to P .
Proof of the Claim 2. Note that we have
|∇˜ logwj(qj)| =
|∇˜wj(qj)|
|wj(qj)|
=
|∇(uk(j) − vk(j))(qj)|
λj(uk(j)(qj)− vk(j)(qj))
= 1.
Hence, wj(qj) = |∇˜wj(qj)| = |∇(uk(j)− vk(j))(qj)| → 0. This implies that the graph function
of Γ˜j (over (Bρj (q
′
j), λ
2
jg)) satisfies
v¯j(x) = v˜j(π(x))− λjd(q
′
j) = u˜j(π(x))− λjd(q
′
j)− wj(qj)→ 0.
Therefore, Γ˜j converges to a hyperplane P2 containing 0. By our assumption, P2 lies on one
side of P . Hence, we obtain that P2 = P . 
We also have that rj − dist(x, pj) ≥ ρj for any x ∈ B
N
ρj
(qj). This implies that
|∇ log(uk(j)(x)− vk(j)(x))| ≤ 2|∇ log(uk(j)(qj)− vk(j)(qj))|,
and, thus,
|∇˜ logwj(x)| ≤ 2|∇˜ logwj(qj)| = 2
on (BNρj (qj), λ
2
jg).
Now we set
w¯j(x) = wj(π(x)), and hj(x) =
w¯j(x)
w¯j(q′j)
.
Then we have that |∇˜ log hj(q
′
j)| = 1 and hj is locally uniformly bounded. Since Σ˜j and
Γ˜j are minimal graphs over (Bρj (q
′
j), λ
2
jg), then the standard computation [Sha17, page 331
(5)] gives that there exists ǫj → 0 so that for any Ω ⊂ (Bρj (q
′
j), λ
2
jg) and η ∈ C
2
0(Ω),∣∣∣ ∫
Ω
∇˜w¯j · ∇˜η
∣∣∣ ≤ ǫj ∫
Ω
(|η|+ |∇˜η|)(|w¯j|+ |∇˜w¯j|).
By the smooth convergence of (Bρj (q
′
j), λ
2
jg), we conclude that hj converges to a positive har-
monic function h on P . Hence, h must be a constant. However, this leads to a contradiction
to the fact that |∇˜ log h(0)| = 1. This finishes the proof.

A direct corollary of Lemma 6.1 is the following:
Corollary 6.2. Let BN1 (p), uk, vk, rj, pj be the notations as in Lemma 6.1. Then there exists
C = C(M,N) so that
lim sup
j→∞
lim sup
k→∞
supx∈BN
rj/2
(pj)
(uk − vk)
infx∈BN
rj/2
(pj)(uk − vk)
≤ C.
COMPACTNESS AND GENERIC FINITENESS 25
References
[ACS16] Lucas Ambrozio, Alessandro Carlotto, and Ben Sharp. Compactness of the space of minimal
hypersurfaces with bounded volume and p-th Jacobi eigenvalue. J. Geom. Anal., 26(4):2591–
2601, 2016.
[ACS18] Lucas Ambrozio, Alessandro Carlotto, and Ben Sharp. Compactness analysis for free boundary
minimal hypersurfaces. Calc. Var. Partial Differential Equations, 57(1):57:22, 2018.
[All72] W.K Allard. On the first variation of a varifold. Ann. of Math. (2), 95:417–491, 1972.
[Alm62] Frederick Justin Almgren, Jr. The homotopy groups of the integral cycle groups. Topology, 1:257–
299, 1962.
[Alm65] Frederick Justin Almgren, Jr. The theory of varifolds. Mimeographed notes, Princeton, 1965.
[And85] Michael T. Anderson. Curvature estimates for minimal surfaces in 3-manifolds. Ann. Sci. E´cole
Norm. Sup. (4), 18(1):89–105, 1985.
[Car17] Alessandro Carlotto. Generic finiteness of minimal surfaces with bounded Morse index. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5), 17(3):1153–1171, 2017.
[CKM17] Otis Chodosh, Daniel Ketover, and Davi Maximo. Minimal hypersurfaces with bounded index.
Invent. Math., 209(3):617–664, 2017.
[CM00] T.H. Colding and W.P. Minicozzi II. Embedded minimal surfaces without area bounds in 3-
manifolds. In Geometry and topology: Aarhus (1998), volume 258 of Contemp. Math., pages
107–120. Amer. Math. Soc., Providence, RI, 2000.
[CM04a] T.H. Colding and W.P. Minicozzi II. The space of embedded minimal surfaces of fixed genus in
a 3-manifold. I. Estimates off the axis for disks. Ann. of Math. (2), 160(1):27–68, 2004.
[CM04b] T.H. Colding and W.P. Minicozzi II. The space of embedded minimal surfaces of fixed genus in
a 3-manifold. II. Multi-valued graphs in disks. Ann. of Math. (2), 160(1):69–92, 2004.
[CM04c] T.H. Colding and W.P. Minicozzi II. The space of embedded minimal surfaces of fixed genus in
a 3-manifold. III. Planar domains. Ann. of Math. (2), 160(2):523–572, 2004.
[CM04d] T.H. Colding and W.P. Minicozzi II. The space of embedded minimal surfaces of fixed genus in
a 3-manifold. IV. Locally simply connected. Ann. of Math. (2), 160(2):573–615, 2004.
[CM11] T.H. Colding and W.P. Minicozzi II. A course in minimal surfaces, volume 121 of Graduate
Studies in Mathematics. American Mathematical Society, Providence, RI, 2011.
[CM15] T.H. Colding and W.P. Minicozzi II. The space of embedded minimal surfaces of fixed genus in
a 3-manifold V; fixed genus. Ann. of Math. (2), 181(1):1–153, 2015.
[Cou40] Richard Courant. The existence of minimal surfaces of given topological structure under pre-
scribed boundary conditions. Acta Math., 72:51–98, 1940.
[CS85] H. I. Choi and R. Schoen. The space of minimal embeddings of a surface into a three-dimensional
manifold of positive Ricci curvature. Invent. Math., 81(3):387–394, 1985.
[DLR18] Camillo De Lellis and Jusuf Ramic. Min-max theory for minimal hypersurfaces with boundary.
Ann. Inst. Fourier (Grenoble), 68(5):1909–1986, 2018.
[FL14] Ailana Fraser and Martin Man-chun Li. Compactness of the space of embedded minimal surfaces
with free boundary in three-manifolds with nonnegative Ricci curvature and convex boundary.
J. Differential Geom., 96(2):183–200, 2014.
[FPZ17] Abigail Folha, Frank Pacard, and Tatiana Zolotareva. Free boundary minimal surfaces in the
unit 3-ball. Manuscripta Math., 154(3-4):359–409, 2017.
[Fra00] Ailana M. Fraser. On the free boundary variational problem for minimal disks. Comm. Pure
Appl. Math., 53(8):931–971, 2000.
[FS11] Ailana Fraser and Richard Schoen. The first Steklov eigenvalue, conformal geometry, and minimal
surfaces. Adv. Math., 226(5):4011–4030, 2011.
26 QIANG GUANG, ZHICHAO WANG, AND XIN ZHOU
[FS13] Ailana Fraser and Richard Schoen. Minimal surfaces and eigenvalue problems. In Geometric anal-
ysis, mathematical relativity, and nonlinear partial differential equations, volume 599 of Contemp.
Math., pages 105–121. Amer. Math. Soc., Providence, RI, 2013.
[GJ86] M. Gru¨ter and J. Jost. On embedded minimal disks in convex bodies. Ann. Inst. H. Poincare´
Anal. Non Line´aire, 3(5):345–390, 1986.
[GLWZ19] Qiang Guang, Martin Li, Zhichao Wang, and Xin Zhou. Morse index bound for free boundary
min-max minimal hypersurfaces and applications. in preparation, 2019.
[GLZ16] Qiang Guang, Martin Li, and Xin Zhou. Curvature estimates for stable free boundary minimal
hypersurfaces. J. Reine Angew. Math., to appear, arXiv:1611.02605, 2016.
[HN79] S. Hildebrandt and J. C. C. Nitsche. Minimal surfaces with free boundaries. Acta Math., 143(3-
4):251–272, 1979.
[Jos86] Ju¨rgen Jost. Existence results for embedded minimal surfaces of controlled topological type. II.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 13(3):401–426, 1986.
[Ket16] Daniel Ketover. Free boundary minimal surfaces of unbounded genus. arXiv:1612.08691, 2016.
[KL17] Nicolaos Kapouleas and Martin Li. Free boundary minimal surfaces in the unit three-ball via
desingularization of the critical catenoid and the equatorial disk. arXiv:1709.08556, 2017.
[KW17] Nicolaos Kapouleas and David Wiygul. Free-boundary minimal surfaces with connected boundary
in the 3-ball by tripling the equatorial disc. arXiv:1711.00818, 2017.
[Lew51] Hans Lewy. On mimimal surfaces with partially free boundary. Comm. Pure Appl. Math., 4:1–13,
1951.
[Li15] Martin Man-chun Li. A general existence theorem for embedded minimal surfaces with free
boundary. Comm. Pure Appl. Math., 68(2):286–331, 2015.
[LZ16a] Haozhao Li and Xin Zhou. Existence of minimal surfaces of arbitrarily large Morse index. Calc.
Var. Partial Differential Equations, 55(3):Paper No. 64, 12, 2016.
[LZ16b] Martin Li and Xin Zhou. Min-max theory for free boundary minimal hypersurfaces I-regularity
theory. J. Differential Geom., to appear, arXiv:1611.02612, 2016.
[MNS17] Davi Maximo, Ivaldo Nunes, and Graham Smith. Free boundary minimal annuli in convex three-
manifolds. J. Differential Geom., 106(1):139–186, 2017.
[MY82] William W. Meeks III and Shing Tung Yau. The existence of embedded minimal surfaces and
the problem of uniqueness. Math. Z., 179(2):151–168, 1982.
[Sha17] Ben Sharp. Compactness of minimal hypersurfaces with bounded index. J. Differential Geom.,
106(2):317–339, 2017.
[Sim68] James Simons. Minimal varieties in riemannian manifolds. Ann. of Math. (2), 88:62–105, 1968.
[Sim87] Leon Simon. A strict maximum principle for area minimizing hypersurfaces. J. Differential Geom.,
26(2):327–335, 1987.
[SS81] R. Schoen and L. Simon. Regularity of stable minimal hypersurfaces. Comm. Pure Appl. Math.,
34(6):741–797, 1981.
[SSY75] R. Schoen, L. Simon, and S. T. Yau. Curvature estimates for minimal hypersurfaces. Acta Math.,
134(3-4):275–288, 1975.
[Str84] Michael Struwe. On a free boundary problem for minimal surfaces. Invent. Math., 75(3):547–560,
1984.
[Whi87] Brian White. Curvature estimates and compactness theorems in 3-manifolds for surfaces that are
stationary for parametric elliptic functionals. Invent. Math., 88(2):243–256, 1987.
[Whi91] Brian White. The space of minimal submanifolds for varying Riemannian metrics. Indiana Univ.
Math. J., 40(1):161–200, 1991.
[Whi17] Brian White. On the bumpy metrics theorem for minimal submanifolds. Amer. J. Math.,
139(4):1149–1155, 2017.
COMPACTNESS AND GENERIC FINITENESS 27
[Ye91] Rugang Ye. On the existence of area-minimizing surfaces with free boundary. Math. Z.,
206(3):321–331, 1991.
[Zho17] Xin Zhou. Min-max hypersurface in manifold of positive Ricci curvature. J. Differential Geom.,
105(2):291–343, 2017.
[ZZ17] Xin Zhou and Jonathan J. Zhu. Min-max theory for constant mean curvature hypersurfaces.
Invent. Math., to appear, arXiv:1707.08012, 2017.
Department of Mathematics, University of California Santa Barbara, Santa Barbara,
CA 93106, USA
E-mail address : guang@math.ucsb.edu
Max-Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany
E-mail address : wangzhichaonk@gmail.com
Department of Mathematics, University of California Santa Barbara, Santa Barbara,
CA 93106, USA
E-mail address : zhou@math.ucsb.edu
